The paper deals with the problem of coupling of various effective properties of a random mixture. It is shown that effective properties of a random stationary composite formed of two different materials are coupled through the spectral measure in the Stieltjes representation of the effective properties. This gives an approach to indirect evaluation of the effective thermal or hydraulic conductivity of a random material from known effective complex permittivity of the same mixture. The spectral measure is reconstructed from effective complex permittivity measurements and used to estimate other effective properties of the same material.
INTRODUCTION
Different effective properties of a finely-structured heterogeneous mixture are related or coupled through its microgeometry. The problem of formalizing this coupling of the properties is very important for predicting properties of composite materials in material design, as well as for indirect evaluation of the effective properties, when direct measurements are difficult to make. Implicit accounting for the geometry of the composite was exploited starting from the pioneering work of Prager [1] in deriving coupled bounds on the effective material properties. Coupled or cross-property bounds use measurements of one effective property to improve bounds on other effective properties. The work of Prager was followed by a number of papers by Avellaneda, Berryman, Cherkaev, Gibiansky, Milton, Torquato, and others (see references in monographs [2, 3, 4] ). Various empirical relations or relations derived for specific geometries are used in practice, such as for instance, Kozeny-Carman or Katz-Tompson relations providing an estimate for permeability of a porous material [5, 6] . Geometric characterization of the medium is often introduced through the "formation factor" F which relates properties of one phase in the mixture to the effective properties of the material: F = σ/σ * , where σ is the conductivity of a fluid filling in the porous material, and σ * is the effective conductivity.
The present work uses explicit analytic representation of various effective properties of a composite [7] through its geometric structural function associated with the spectral measure µ in the Stieltjes analytic integral representation of the effective complex permittivity η * . This analytic integral representation of the effective permittivity η * of a mixture of two materials with permittivities η 1 and η 2 was developed by Bergman, Milton, and Golden and Papanicolaou [8, 9, 10, 11] in the course of computing bounds for the effective permittivity of an arbitrary two component mixture. The integral representation gives a function F (s) as an analytic function off [0, 1]-interval in the complex s−plane:
Here the positive measure µ is the spectral measure of a self-adjoint operator Γχ , with χ being the characteristic function of the domain occupied by one material, and
where −∆ is the Laplacian operator, and ∇ denotes the gradient, so that (∇·) is the divergence operator. The spectral function µ was used to derive microstructural information about the composite [12, 13, 14, 15] , to bound the effective permittivity [16, 17, 18] , to appraise the accuracy of the permittivity measurements [19] , and to model the effective complex conductivity of geological mixtures [20, 21] or of random resistor networks [22] ; it was calculated from reflectivity measurements at different temperatures in [23] . The paper discusses coupling of different properties of a stationary random mixture through the spectral function µ. It is demonstrated in [7] that different properties of a random mixture admit representations similar to (1.1) with the same function µ, and that the effective response of the random medium for a range of different parameters of the applied field determines the function µ. Hence, when computed from measurements of one effective property (say, from measurements of η * ), the function µ can be used to evaluate the effective response of the same medium for other applied fields as well. From the computational point of view, the problem of reconstruction of the spectral measure µ is extremely ill-posed: It is equivalent to the inverse potential problem and is well studied in the mathematical literature (see, for instance, the monograph on inverse source problems [24] and on regularization of ill-posed problems [25] ). The last section shows computational results of recovering the spectral function µ from numerically simulated effective measurements of the complex permittivity of a composite using regularized algorithms developed in [7, 26] . As an example, the thermal conductivity of St-Peters sandstone is estimated using the reconstructed function µ [27] . Computed values of the thermal conductivity are in good agreement with measured values in [28] .
COUPLING THROUGH THE SPECTRAL FUNCTION
We assume that the medium in a domain O is a fine scale mixture of two materials with the values of the complex permittivities j and the thermal conductivities γ j in regions O j , j = 1, 2, with O = O 1 ∪ O 2 . Let χ be the characteristic function of the region O 1 occupied by the first material for a realization η ∈ Ω, where Ω is the set of all realizations of the random medium,
We assume that the characteristic size of the inhomogeneities is microscopic in comparison with the size of the region O, hence χ is a finely oscillating function. Suppose that two different fields are applied in this random medium, the electric field, E η , and the temperature gradient field, E γ . The complex permittivity of the medium is modeled by a (spatially) stationary random field (x, η), x ∈ R d and η ∈ Ω, (x, η) = 1 χ(x, η) + 2 (1 − χ(x, η)). Similarly, the thermal conductivity is γ(x, η) = γ 1 χ(x, η) + γ 2 (1 − χ(x, η)). Since the stationary fields are governed by similar equations, we will use the notation σ to describe both properties. The stationary random fields E σ (x, η) and J σ (x, η) are related by J σ (x, η) = σ(x, η)E σ (x, η) and satisfy the equations
Here e k is a unit vector in the k th direction, for some k = 1, . . . , d, and · means ensemble average over Ω or spatial average over all of R d . The effective tensor σ * is defined as a coefficient of proportionality between the averaged fields: J σ = σ * E σ . Hence the effective property tensors η * and γ * are such that
We notice that both problems are coupled through the same function χ:
Suppose that one of the effective properties, η * (see 2.4), can be measured. The problem is to find the other effective property γ * using (2.5). We consider here isotropic mixtures and focus on one diagonal coefficient η * = η * kk and γ * = γ * kk . Let the complex permittivities η i , i = 1, 2, depend on a parameter p that can be varied, with the microstructure remaining the same. This means that variation of the parameter p does not change the function χ. The temperature dependent complex permittivity of sea ice provides an example of a medium which does not fall into this consideration, since induced by temperature variations, melting changes the structure of brine pockets.
Theorem. Assuming the known properties η i = η i (p), i = 1 or i = 2, of materials in a stationary random mixture depend on a parameter p, measurements of the effective complex permittivity η * (p) (2.4) in an interval p ∈ (p 1 , p 2 ) uniquely determine the effective thermal conductivity γ * (2.5) of the mixture for given values of the components γ i , i = 1, 2.
The key observation is that the effective properties η * and γ * are coupled through the function µ in their integral representation [7] :
To demonstrate this, we consider a model problem for a random mixture of two materials with conductivity σ 1 = h and σ 2 = 1, and derive the spectral integral representation for the effective property following [11] . The conductivity σ(x, η) of the mixture is σ(x, η) = h χ(x, η)+(1−χ(x, η)).
The field E satisfies ∇ · (hχ + 1 − χ) E = 0 (2.8)
Introducing s = 1/(1 − h), the last expression can be written as
Let ∇ϕ be a perturbation of the constant field e k , so that E = e k + ∇ϕ . Then, ∇ · χ (∇ϕ + e k ) = s ∆ϕ (2.10)
Applying (−∆) −1 to both sides of this equation, then taking gradient, and introducing the operator Γ as in (1.2), Γ = ∇(−∆) −1 (∇·) , we can express E as a function of Γχ,
The spectral resolution of Γχ with the projection valued measure Q results in the representation
The integral represention for the function F (s) is obtained using (2.12). Indeed,
and hence,
If a function µ is a positive function of bounded variation, corresponding to the spectral measure Q, dµ(z) = χ dQ(z)e k , e k , then
Substituting now in this model problem the value of h as h = η 1 /η 2 and h = γ 1 /γ 2 , we end up with representations (2.6) and (2.7). It is shown in [7] that the spectral function µ in the Stieltjes integral representation can be uniquely reconstructed if measurements of the effective permittivity of the mixture η * are available on an arc in a complex plane. Provided the properties of the constituents are dependent on a parameter p, variation of p in an interval p ∈ (p 1 , p 2 ) gives the required set of data.
If the properties of the constituents depend on the frequency of the applied electromagnetic field, frequency can be taken as such a parameter which variation does not change the structure of the mixture. The spectral measure µ is determined by the structure of the mixture, hence, it is quite natural that it is the same for different effective properties. Having reconstructed this function from one set of data, we can use it to compute other effective properties such as thermal or hydraulic conductivity of the same mixture. Practically, if the function µ is known from the measurements of η * , evaluation of the effective thermal conductivity γ * reduces to a calculation of the integral in (2.7) .
Similarly, we could consider other stationary problems for:
diffusion coefficient with concentration gradient and mass flux hydraulic conductivity with pressure gradient and fluid velocity magnetic permeability with magnetic field and magnetic induction
REGULARIZATION
The problem of reconstruction of the spectral measure µ can be reduced to an inverse potential problem. It is shown that the function F (s) admits a representation as a logarithmic potential of the measure µ [7] F (s) = ∇ ∇s ln |s − z| dµ(z),
The reconstruction problem for the logarithmic potential is extremely illposed and requires regularization to develop a stable numerical algorithm. The potential function u is a solution to the Poisson equation −∆u = ψ, supp(ψ) ⊂ Ω, where ψ is the density of the mass distribution in Ω. Solution of the problem is given by the Newtonian potential with d µ(z) = ψ dz, z ∈ Ω. The inverse problem is to find ψ given values of ∂u /∂n, or ∇u.
Let A be an operator in (3.1) mapping the set of measures M[0, 1] on the unit interval onto the set of complex potentials defined on a curve C : ζ(s) = 0:
To construct the solution we formulate the minimization problem:
where || · || is the L 2 (C)−norm, F is the function of the measured data,
The solution of the problem does not continuously depend on the data: Unboundness of the operator A −1 leads to arbitrarily large variations in the solution, and the problem requires a regularization technique. A regularization algorithm developed in [7] is based on constrained minimization: It introduces a stabilization functional J(µ) which constrains the set of minimizers. As a result, the solution depends continuously on the input data. Instead of minimizing (3.3) over all functions in M, minimization is performed over a convex subset of functions which satisfy J(µ) ≤ β, for some scalar β > 0 . The functional J(µ) was chosen as a quadratic stabilization functional and a total variation functional. The three delta-functions are recovered (almost identically to the true solution) using non-negatively constrained minimization [26] .
The advantage of using a quadratic stabilization functional J (µ) = Lµ 2 , is the linearity of the corresponding Euler equation resulting in efficiency of the numerical schemes:
However, the reconstructed solution necessarily possesses a certain smoothness. The alternative nonquadratic stabilization functional imposes constraint on the variation of the solution in the domain. The total variation penalization, as well as the regulariization based on the non-negativity constraint [26] , does not impose smoothness on the solution, which permits recovering blocky and contrast structures.
Accurate reconstruction of the function µ is especially important when the initial materials' constants are in the vicinity of the spectral interval, say as in the case of percolation. In [26] , we assume that the medium formed as a mixture of sandgrains and water, has three resonances. The corresponding structural function µ is shown in Figure 1 as a sum of three delta functions. Numerically simulated multi-frequency values of the imaginary part of the effective complex permittivity were used to recover the structural function µ. The functions µ reconstructed using Tikhonov and non-negatively constrained regularization, are also shown in the same figure. While the Tikhonov regularization gives oversmoothed curves, the non-negatively constrained solution practically exactly reconstructs the true function: The difference is indistinguishable on the given scale.
COMPARISON WITH EXPERIMENT
For appraisal of the suggested indirect method of computation of the effective properties of the composite from known effective complex permittivity, the approach was applied in [27] to the data for St-Peters sandstone, which is composed of sandgrains and has 11% porosity. Assuming porous space filled with water, with known dependence of η water on frequency, measurements of the effective η * ( ) were simulated using the MaxwellGarnett model. These simulated data of η * were used to compute the spectral function µ, which was used then to calculate the thermal conductivity of the rock. Computed and measured data for wet (sandgrains and 11 % of water) and dry (sandgrains and 11 % of air) sandstone are summarized in Table 1 . Values of the thermal conductivity computed using the suggested algorithm are in good agreement with experimental data taken for comparison from [28] .
CONCLUSION
It is shown that various effective properties of a stationary random mixture are coupled through the spectral function. The spectral function can be found from measurements of effective complex permittivity and used to calculate other effective properties. The approach is applicable to porous media, biological materials, artificial composites, and other heterogeneous materials in which the scale of the microstructure is much smaller than the wavelength of the electromagnetic signal.
